Quantum metrology applies tools from quantum information science to improve on measurement signal-to-noise ratio 1, 2 . The challenge is to increase sensitivity while reducing susceptibility to noise; tasks which are often in conflict. Invented by Dicke, the lock-in measurement is a detection scheme which overcomes this difficulty by spectrally separating signal from noise. Here we report on the implementation of a quantum analog to the classical lock-in amplifier. All the lock-in operations: modulation, detection and mixing, are performed via the application of non-commuting quantum operators on the electronic spin state of a singletrapped Sr + ion. We significantly increase its sensitivity to external fields while extending phase coherence by three orders of magnitude, to more than one second. With this technique we measure magnetic fields with sensitivity of 25 pT / √ Hz, and light shifts with an uncertainty below 140 mHz after 1320 seconds of averaging. These sensitivities are limited by quantum projection noise and, to our knowledge, are more than two orders of magnitude better than with other single-spin probe technologies 3 . In fact, our reported sensitivity is sufficient for the measurement of parity non-conservation 4 , as well as the detection of the magnetic field of a single electronic-spin one micrometer from an ion-detector with nanometer resolution. As a first application we perform light shift spectroscopy of a narrow optical quadruple transition. Finally, we emphasize that the quantum lock-in technique is generic 1 arXiv:1101.4885v1 [quant-ph] 25 Jan 2011
and can potentially enhance the sensitivity of any quantum sensor.
Quantum probes are advancing the field of metrology with unprecedented sensitivities. In particular, cold trapped ions are well isolated from their environment, their internal states and motion can be controlled with high fidelity, thus enabling researchers to use them as excellent probes. Examples include ion based atomic clocks 1 with a fractional frequency uncertainty of 5.2 · 10 −17 and force measurements 2 with a sensitivity of 5 · 10 −24 N .
To achieve measurements with a high signal-to-noise ratio, one has to decrease the effect of noise on the probe while enhancing its response to the measured signal. These two tasks are in many cases contradicting since noise and signal often couple to the probe via the same physical channel. Quantum metrology science uses methods from quantum coherent control to address this difficulty. As an example, entangled states which are invariant under certain noise mechanisms were engineered with trapped-ions and have demonstrated long coherence times [5] [6] [7] . Other entangled states were similarly engineered to enhance trapped ions measurement sensitivity 8, 9 .
Whether or not the measurement signal-to-noise ratio indeed improves depends on the commutativity of noise and signal operators as well as on noise bandwidth 10, 11 .
A different approach to noise reduction is based on spectrally separating a quantum system from its noise environment. Such time dynamical noise decoupling was demonstrated using trapped ion qubits, among other systems, and has been optimized to match different noise profiles 12, 13 . In fact, it was theoretically shown that the decoherence rate of these modulated systems can be used to extract information about their noise spectrum 14 . A natural extension to spectra characterization is the measurement of oscillating signals. Dynamical manipulation can therefore be used to decouple a quantum probe from noise while enhancing its sensitivity to alternating signals.
In the last few years dynamical decoupling methods have been used to improve on the signalto-noise ratio of ac-magnetometry using Nitrogen-Vacancy (NV) centers [15] [16] [17] [18] . Indeed, significant enhancement of sensitivity was achieved using few tens of modulation pulses 18 . However, due to the particular decoherence mechanism in NV-centers, their best reported magnetic field measurement sensitivity of 4 nT / √ Hz was achieved using a single echo pulse 19 .
In this work we show that a quantum probe, time evolving under non-commuting operators of noise, signal and modulation, is equivalent to a lock-in amplifier. We realize a quantum lock-in amplifier using a single trapped Sr + ion. By applying hundreds of modulation pulses we reach sensitivities which, to our knowledge, are more than two orders of magnitude better than with other single-spin probe technologies 3 . Specifically using trapped ions, this method is likely to have strong implications on precision measurements and metrology. As a first application we perform precision light shift spectroscopy of a narrow optical quadruple transition.
Classical lock-in amplifiers are detectors that can extract a signal with a known carrier frequency from an extremely noisy environment. Schematically, if noise N (t) adds to a physical observable, S 0 , oscillating at a frequency f m , the total signal measured by the detector is
Here, m 0 sets the detector measurement units and ϕ is a constant phase. A signal proportional to S 0 is obtained by a mix-down process: M (t) is multiplied by either sin(2πf m t) or cos(2πf m t) and the two results are integrated over an integration window T ,
The signal S 0 is proportional to (I
The constant phase ϕ can be extracted by tan(ϕ) = Q lock−in /I lock−in . Noise spectral components with frequencies far from f m will be averaged out in the integration. Therefore, by choosing f m outside the noise band-width, the measurement signal-to-noise ratio can be significantly improved.
The main obstacle in realizing quantum lock-in dynamics is finding a quantum analog to signal multiplication, which is essential for the mix-down process. In a classical apparatus this is achieved by a non-linear device with an output that is proportional to the instantaneous product of its inputs. Non-linear dynamics of the wavefunction cannot be introduced directly due to the linearity of Schrödinger's equation. Nevertheless, wavefunction dynamics will be proportional to a product of Hamiltonian terms if the total Hamiltonian does not commute with itself at different times. Operator non-commutativity therefore plays an important role in the quantum mix-down process.
To show this in more detail, we turn to the case of a two-level quantum probe, with states |↑ and |↓ . Without loss of generality, we assume that the probe is coupled both to a signal S(t) and and is randomly varying due to the effect of noise. To implement a lock-in measurement we mix the probe phase with an oscillating signal by adding to H int an oscillating term which is non-
If Ω(t) is periodic and synchronized with S(t) then the phase accumulated due to S(t) coherently adds up whereas the random phase accumulated due to N (t) is averaged away. The probe superposition is characterized by the probability of finding the probe in the |↑ state, P ↑ , and the superposition relative phase φ lock−in . By measuring both at time T , we extract the quantum lock-in signal * ,
Equation (2) resembles the classical lock-in output in Eq. (1). Specifically, for a constant Ω(t) ≡ Ω 0 , the lock-in outputs φ lock−in and (1 − 2P ↑ ) faithfully represent the two signal quadratures.
Here, instead of reading out a classical parameter, the quantum lock-in readout requires repetitive quantum projection measurements. Notice that the two signal components can be interchanged via single qubit rotations.
In our experiment, we use the two spin states of the electronic ground level of a single 88 Sr The probe state is measured by shelving the |↑ state to the appropriate metastable D sub-level, followed by state selective fluorescence 20 . State preparation to |↑ is done by optical pumping (see (|↑ + |↓ ). To modulate the ion-probe we apply a train of N , π-pulses, τ arm apart, also known as the Carr-Purcell-Meiboom-Gill pulse sequence 21 . Using this sequence the cosine term in (2) is a square waveform, with a 2τ arm period and the sine term vanishes. Therefore, a measured signal has to be modulated at f m = 1/2τ arm and in phase with the ion modulation, i.e. ϕ = 0. Here, φ lock−in is proportional to the signal magnitude, S 0 . To measure the probe phase we complete the sequence with an additional π/2 rotation, with a relative φ rf phase with respect to the initial π/2 pulse. We then detect the probability of the ion to be in the |↑ state,
cos(φ lock−in + φ rf ). By scanning φ rf we are able to retrieve both φ lock−in and the cosine fringe contrast A.
The lock-in signal φ lock−in is related to a frequency shift by δf = φ lock−in /2πT , where T = (N + 1)τ arm is the total duration of the lock-in sequence. The frequency shift measurement sensitivity, s, is † :
Clearly, in order to optimize the measurement sensitivity, A has to be maximized, where the standard quantum limit to the sensitivity is reached when A = 1.
We initially quantify the noise-floor of our lock-in detector at different modulation frequencies, f m , and lock-in sequence duration, T , in the absence of any modulated signal. To begin with, we perform this measurement at slow lock-in modulation frequencies, which are comparable to typical magnetic noise frequencies in our lab. We measure A for π-pulse inter spacing τ arm ranging from zero to 12ms, and for N = 1 to 17 π-pulses per lock-in sequence. Both the lock-in sensitivity and spectral resolution increase as N increases. As shown in Fig. 1(c) , dips in the fringe contrast emerge as we increase N . These dips, marked by gray shaded stripes, correspond to ac magnetic field noise components at frequencies of 200, 100 and 50 Hz. In order to use the lock-in method to quantify the magnetic noise spectrum we assume it is composed mainly of discrete components, f n = ω n /(2π), with corresponding amplitudes B n . We can therefore write 22 ,
Here J 0 is the zeroth Bessel function of the first kind, g is the Landé g-factor and µ B is Bohr † see supplementary information magneton. Notice that J 0 can indeed have negative values which result in a π phase shift in the lock-in phase scan. Fig. 2(a) . shows Eq. (4) (solid line) and our measured A (filled circles) for a lock-in sequence with N = 17. Here we assume four discrete magnetic-noise spectral components, 50, 100, 150 and a slowly varying field. The noise amplitudes are taken as fit parameters, yielding B 50Hz = 540(3) pT, B 100Hz = 390(5) pT, B 150Hz = 260(4) pT and gµ B B slow f slow /h = 37(4)Hz 2 . The relatively low magnetic field amplitudes are due to an active magnetic field noise cancelation system 22 .
Observing that noise amplitudes above 200 Hz are negligible, we turn to higher modulation frequencies, in search of the longest attainable probe coherence time. We modulate the ion-probe at f m = 312.5 Hz (τ arm = 1.6 msec). From the data presented thus far we can report our probe best sensitivity. We calculate the lock-in sensitivity vs. T , the total lock-in sequence duration, from the fitted phase scan contrast, A, ) is observed at a total experiment time of T = 560 ms. This is, to our knowledge 3 , the best magnetic field sensitivity reported so far using a single spin (or pseudo-spin) detector. In both cases the measured sensitivity is within a factor of 1.5 from the standard quantum limit, shown by the dashed line.
We next demonstrate a lock-in detection of a small signal and experimentally verify Eq. (2).
To this end we use the light-shift of a narrow line-width (< 100 Hz) laser, nearly resonant with the |↑ → |4d 5/2 , m = 3/2 quadruple transition at 674 nm. The laser amplitude is switched on and off at a rate f L = 500 Hz. With this modulation scheme, both the lock-in and the signal are square-wave modulated. We apply an, N = 99 π-pulses, lock-in sequence and scan the lockin modulation frequency. Here the 674nm laser is detuned by δ = −17kHz from resonance.
The laser Rabi frequency, Ω 0 = (2π)840 Hz, is independently measured by an on-resonance
Rabi nutation curve. Figure 3 Any measurement uncertainty is ultimately limited, at long integration times, by systematic drifts. We measure the limit to our light shift measurement uncertainty by performing a 3.5 hours long measurement, during which 100 consecutive lock-in phase scans are taken, and perform an Allan deviation analysis 23 . A minimum to the overlapping Allan deviation, σ y (τ ) = 138(6) mHz is obtained at an integration time of τ = 1320 s, and is most likely limited by slow frequency drifts of the 674 nm laser. When removing a linear slope from the data, the minimal Allan deviation reduces to 14(5) mHz at τ = 4320 s. The magnetic field generated by the valence electron spin of a single 88 Sr + ion will cause a level shift of 52 mHz to a probe-ion trapped one micrometer away, the measurement of which could be within our experimental reach.
Finally, we show how the lock-in method can be used to perform light shift spectroscopy.
We probe the |↑ → |4d 5/2 , m = 3/2 transition. Population transfer to the |4d 5/2 , m = 3/2 level results in a reduction in A whenever the laser is close to resonance. The measured light shift is seen to be dispersive around resonance. The three resonances; a carrier and two sidebands; are due to the fast amplitude modulation of the laser, reminiscent of the Pound-Drever-Hall signal of a laser scanning across an optical cavity resonance 24 . Such dispersive signal can be used to lock a narrow line width laser to an an atomic clock transition. Here, a possible advantage is that fast laser frequency noise components are rejected due to the lock-in measurement scheme.
We remark that although here we used a train of evenly spaced π-pulses as our modulation scheme for quantum lock-in detection we also investigated the use of the unevenly spaced π-pulses
Uhrig scheme 25 to this end. The latter did not perform as well due to its broad spectral content. It remains unknown to us whether the same pulse sequences optimal for dynamic decoupling 26 are also optimal for the purposes of lock-in measurement.
The results presented here demonstrate the potency of the quantum lock-in measurement technique. Since this technique mainly relies on applying time evolution operators that are noncommuting at different times, it is readily available for any quantum probe. Specifically, with single trapped-ions, the lock-in technique enables high precision frequency shift measurements with a nanometer scale spatial resolution. With this method the magnetic field due to the magnetic moment of a, micrometer-separated, co-trapped atomic or molecular ion can be measured. In recent experiments 27, 28 , trapped ions were submerged inside a quantum degenerate gas of neutral atoms. The quantum lock-in method can be used to probe spin dependent interactions between the ion and the gas, thus serving as local probes with nanometer resolution. Finally, the quantum lockin technique can be useful for precision measurements and frequency metrology. As an example, it can be used to measure very small frequency shifts required for the observation of parity nonconservation in a single trapped ion 4 . Another example is characterizing systematic errors, such as the quadruple shift, in ion-based atomic clocks 29 . As a last example, this technique can be used to characterize the noise spectrum of narrow line-width lasers with respect to an atomic transition.
We therefore believe that the quantum lock-in technique will be useful for many applications in the field of quantum metrology.
Methods summary
Magnetic noise spectrum is extracted from lock-in contrast measurements by comparison with the theoretical model given by Eq. (4). To obtain this equation, we assume a magnetic noise
The lock-in phase scan contrast A is therefore given by averaging over different noise realizations, ( cos(φ lock−in ) 2 + sin(φ lock−in ) 2 ) 1/2 . For a discrete magnetic noise spectrum B(t) = n B n cos(ω n t + α n ), and a train of π pulses, τ arm apart, as the lock-in modulation, we obtain Eq. (4), where averaging is performed over all possible {α n } values.
The low magnetic field noise amplitudes at 50Hz and its harmonics reported in this letter are due to an electronic feedback system. We measure the magnetic field using two sense coils at two ends of the vacuum chamber surrounding the ion trap, aligned with the magnetic field quantization axis. The voltages from the two sense coils are fed to pre-amplifiers. A weighted average of these signals, aimed at linearly interpolating the field at the ion position, is used as an error signal of a servo controller which actuates two large compensation coils. This feedback system is able to decrease noise amplitudes by a factor of 10 − 50; from approximately 10 −7 T to less than 5 × 10 −9 T . The remaining noise amplitude is due to a non-linear variation of magnetic field noise amplitude and phase across the vacuum chamber. To overcome this non-linearity we installed a feed-forward system, in which the power line voltage is sampled, a phased-locked-loop locks 50, 100, 150 Hz signals to the line phase, and feeds their sum to the servo controller setpoint. We tune the amplitudes and phases of these three synthesized signals, to minimize noise amplitudes at their frequencies, extracted from the lock-in phase scan as described previously. We are thus able to reduce magnetic field noise amplitudes, at the power line frequencies, close to Solid line is a best-fit to P (↑) = Light shifts are seen to have dispersive resonance. Both (b) and (c) show two sidebands, separated by 5 kHz from the transition carrier, generated by the fast amplitude modulation of the laser.
